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Abstract 

The PT-symmetry breaking, consistent hamiltonian interactions in all n > 4 spacetime 
dimensions that can be added to an abelian BF model involving a set of scalar fields, two sorts 
of one-forms, and a system of two-forms are obtained by means of the hamiltonian deformation 
procedure based on local BRST cohomology. This paper enhances one of our previous works, 
, where only PT-invariant deformations were considered. The associated coupled theory is an 

interacting, topological BF model exhibiting an open gauge algebra and on-shell reducibility 
relations. 

PACS number: ll.lO.Ef 
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1 Introduction 



^ I The great advantage of the hamiltonian BRST symmetry ^ [2] is represented by its proper im- 

\^ ' plementation in quantum mechanics (Chapter 14), and also by an appropriate correlation with 

the canonical quantization methods |3j • The understanding of this symmetry from a cohomological 
point of view made possible a unitary approach to many problems in gauge field theory, such as the 
' hamiltonian analysis of anomalies 4 , the precise relation between local lagrangian and hamiltonian 

■ BRST cohomologies [51, and, recently, the problem of obtaining consistent hamiltonian interactions 

in gauge theories by means of the deformation theory El El El ^] • 

In this paper we investigate the PT-symmetry breaking, consistent hamiltonian deformations in 
any spacetime dimension n > 4 of a free abelian topological field theory of BF-type involving 
, a set of scalar fields, two collections of one-forms, and a system of two-forms. Actually, this 

work enhances our previous results from jH], where the interactions were imposed to preserve PT 
invariance. Here, we relax this condition and show that the resulting interactions are accurately 
described by a topological field theory with an open algebra of first-class constraints, that can be 
5^ I interpreted in terms of a Poisson structure present in various models of two-dimensional gravity jl2| 

1131 1141 [TK| . [The analysis of Poisson Sigma Models, including their relationship to two-dimensional 
gravity and the study of classical solutions, can be found in ^lElElEHSOll^ (see also [22])]. 

The plan of the paper is the following. Section 2 briefly reviews the problem of constructing 
consistent hamiltonian interactions in the framework of the BRST formalism, which reduces to 
solving two towers of equations that describe the deformation of the BRST charge, respectively, 
of the BRST-invariant Hamiltonian associated with a given "free" first-class theory at various 
orders in the coupling constant. In Section 3 we determine the hamiltonian BRST symmetry (s) 
of the free topological theory under study in n > 4 spacetime dimensions, which splits as the sum 
between the Koszul-Tate differential and the exterior derivative along the gauge orbits. This model 
is abelian and (re — 2)-stage reducible, the reducibility relations holding off-shell (everywhere in the 
phase space). Next, we solve the main equations governing the hamiltonian deformation procedure 

*e-mail address: manache@central.ucv.ro 
^e-mail address: scsararu@central.ucv.ro 
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on behalf of the BRST cohomology of the free theory. In Section 4 we initiahy compute, using 
specific cohomological techniques, the first-order deformation of the BRST charge, which hes in the 
cohomological space of s modulo the spatial part of the exterior spacetime derivative (d) in ghost 
number one, (^s\(tj. The first-order deformation of the BRST charge stops at antighost number 
(n — 1) and contains two types of solutions: one that preserves the PT invariance and is described 
by two sorts of arbitrary functions involving only the undifferentiated scalar fields, previously 
investigated in |S], and the other that breaks the PT invariance and has not been considered in the 
literature so far. The latter deformation is parametrized by a completely antisymmetric 'tensor' 
of rank n that involves only the undifferentiated scalar fields. The consistency of the first-order 
deformation imposes certain restrictions on these three types of functions depending only on the 
undifferentiated scalar fields and allows them to be parametrized in terms of a single 'two-tensor' 
(in the collection indices) depending on the scalar fields, that must be antisymmetric and fulfills a 
certain identity. The other two functions are obtained from the derivatives of this 'two-tensor' with 
respect to the scalar fields. Under these conditions, all the other deformations, of order two and 
higher, can be taken to vanish, and thus the BRST charge of the interacting model that is consistent 
to all orders in the deformation parameter is fully output. Section 5 solves the problem of generating 
the deformed BRST-invariant Hamiltonian, which can be taken nonzero only at the first order in 
the coupling constant. With the help of these deformed hamiltonian BRST quantities, in Section 
6 we identify the interacting gauge theory, which is again topological and displays an open algebra 
of constraints (the Dirac brackets among the deformed first-class constraint functions only close 
on the first-class constraint surface). The deformed first-class constraints are of course reducible, 
but the reducibility relations hold on-shell (on the first-class constraint surface). It is interesting to 
observe that the relaxation of the condition on the PT invariance of the deformations brings in new, 
consistent, nontrivial terms at the level of both BRST charge and BRST-invariant Hamiltonian. 
The only sector that 'does not feel' the relaxation of this condition is the redundancy of the deformed 
first-class constraints, including both the reducibility relations and functions. Section 7 contains 
the main conclusions of the present paper. Two appendix sections complete the description of the 
interacting model. 



2 Main equations of the hamiltonian deformation procedure 

It has been shown in 6 that the problem of constructing consistent hamiltonian interactions in 
theories with first-class constraints can be equivalently reformulated as a deformation problem 
of the BRST charge JIq and of the BRST-invariant Hamiltonian Hqb of a given "free" first-class 
theory. More precisely, if the interactions can be consistently constructed, then the "free" BRST 
charge can be deformed into 



Or 



jn— 1 , 



Oo + 5^1 +5^^2 + 5 



(1) 



where the BRST charge of the interacting theory 0, must satisfy the equation 



0. 



(2) 



The last relation projected on various powers in the deformation parameter g is equivalent with 
the tower of equations 



[Qq, Qq] 
Oq, Oi 



0, 
0, 



(3) 
(4) 
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2 ^0,^2 + ^1,^ 



0, 



(5) 



In a similar manner the BRST-invariant Hamiltonian of the "free" theory can be deformed hke 

= HoB+gHi+g^H2 + o[g^), 
and it stands for the BRST-invariant Hamiltonian of the coupled system 



HB,n 



0. 



(6) 
(7) 



The decomposition of the relation ((Tj) according to the various orders in the coupling constant 
reveals a new tower of equations 

(8) 

H2,no\ + \Hi,ni\ + \HoB,n2\ = o, (lo) 







[Hqb , ^0 


] = 


Hi, Qq 


+ 


Hob, ^1 


= 


Hi, 0,1 


+ 


Hob , ^2 


= 



While, the equations ^ and (jH)) are satisfied since l^o Hqb are by hypothesis the BRST 
charge and respectively the BRST-invariant Hamiltonian of the "free" theory, the resolution of 
the remaining equations (Q-©, etc., and ©-(COJ, etc.) by means of cohomological techniques 
provides the hamiltonian BRST description of the interacting gauge theory corresponding to the 
initial "free" one. 



3 Free BRST symmetry 

Our starting point is a free, topological field theory of BF-type in n > 4 spacetime dimensions that 
involves two types of one-forms, a collection of scalar fields, and a system of two-forms, described 
by the lagrangian action 



So 



Al, i/-, ^„ = d^x[ H-d^^a + ^B^'d^^Al 
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(11) 



where here and in the sequel the notation . . . i^] (or [i . . . j]) signifies full antisymmetry with 
respect to the indices between brackets without normalization factors (i.e. the independent terms 
appear only once and are not multiplied by overall numerical factors). The above action is invariant 
under the gauge transformations 



8 f°- 



(12) 



which are off-shell (n — 2)-stage reducible, where the gauge parameters e", e^^, and e^'^^ are bosonic, 
the last two sets being completely antisymmetric. 

After the elimination of the second-class constraints (the coordinates of the reduced phase-space 
— (^TT^, A^j^, B^"^ ,pI^, H^,TTf'j, ifa^), we are left with a system subject only to the first-class 



are z 

constraints 



^ a 
la 



-Pa 



0, 
0, 



la 



0, 



5Va ~ 0, 



(13) 
(14) 
(15) 
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and displaying the first-class Hamiltonian 



in terms of the non-vanishing fundamental Dirac brackets 



7rO(t,x),4(t,y) 
i?0^(t,x),A5(t,y) 

K(t,x),i/}(t,y) 



■n—l 



X - y) , 



-5i5^"-i(x-y), 



(16) 

(17) 
(18) 
(19) 
(20) 
(21) 



The above constraints are abelian, while the remaining gauge algebra relations are expressed by 





= G(2) 

^ a 




- (^ij 




la 



Ho, 



{2)a 



0. 



(22) 
(23) 
(24) 



The constraint functions G,-^'*'^ are off-shell (n — 3)-stage reducible, with the reducibility functions 
(of order (A; — 2)) given by 



z: 



Jl---Jfc-1 

b 



{k 



(25) 



while the constraint functions 7^^^* are off-shell (n — 2)-stage reducible, the associated reducibility 
functions (of order (A; — 1)) being 



fc-i 



The hamiltonian BRST formalism requires the introduction of the ghosts 

yl 1 '/ ' 'la T 'la J 1 



„an-2 — ( fia \ 

together with their conjugated antighosts 

-p — f-pW T> 'p(^)'^ -pa. p(i)« pA 

' ao — y a T I a: I ij t ' ^ a t ^ a) ^ 

■■ik+2. 



-Pa, = {Pa -''^\K...i,+.) ^ A;=l,n-3, 



an-2 



'-a 



(26) 

(27) 
(28) 
(29) 

(30) 
(31) 
(32) 



The first set of ghosts respectively corresponds to the first-class constraints (fT^ - (|15p . while the 
other two are due to the reducibility of the first-class constraint functions. The fields rf^ in (|27|) 
are fermionic, the fields rf^ in H28() possess the Grassmann parity (k + 1) mod 2, while those in 
(|29)) have the Grassmann parity (n — l) mod 2. The ghost number and Grassmann parity of the 
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antighosts follow from the general rules of the standard hamiltonian BRST formalism. The ghost 
number is defined in usual manner as the difference between the pure ghost number (pgh) and the 
antighost number (agh), where 

pgh(z^) = 0, pgh(r/"°) = l, pgh(P„J = 0, (33) 

pgh(r/"'=) = fc+l, pgh(P„J = 0, k = T;W^, (34) 
pgh(^«.-2) = n-1, pgh(P„„_,) =0, (35) 

agh(z^) = 0, agh(r?"°)=0, agh(P„o) = l, (36) 
agh(r?"'=) = 0, agh(P„J =A;+1, k = T;W^, (37) 
agh(r/«"-2) = 0, agh (P„„_J = n - 1. (38) 

The BRST charge of this free model takes the form 

n~l n—1 \ 

+C^f7p + E + E Cl,,...,J^^Pi^-'^ , (39) 

fc=3 k=2 I 

while the corresponding BRST-invariant Hamiltonian is expressed like 

i^oB = ^0 + / tT-^x (7?(i)«P„ + 7?(^)'^7^«. + cf^'^Pl) . (40) 

In general, any function F with gh (F) = that is BRST-closed, \F, Oq] = 0, is called BRST 
observables. Due to the topological behavior of this model (the number of physical degrees of 

freedom is equal to zero), all the BRST observables arc trivial (BRST-cxact), meaning that each of 
them can be written like F = [Mq,Qq], for some fermionic Mq with gh(Mo) = —1. In particular, 
the BRST-invariant Hamiltonian is BRST-exact 

HoB = [Ko,no], (41) 

where, in this situation, 

Ko = J d^-'x (H-Pi - ^Bi^p-j - A-Pa) . (42) 

The BRST symmetry of the free theory, s- = [-, ^o], splits as 

s = d + ^, (43) 

where 5 denotes the Koszul-Tate differential {agh (5) = —1, pgh (5) = 0), and 7 represents the 
exterior longitudinal derivative (agh (7) = 0, pgh (7) = 1). These two operators act on the variables 
from BRST complex like 

Sz^ = 0, (5r/"'= =0, k = 0,n-2, (44) 

5Pi'^=-7:^a, SPa=diB^a\ = pI <5P<^ = -^Va, (45) 

5P«« = -27r^, 5^ = a[,A«, (46) 
§piii2...h = Q[hpi2...ik]^ ^ = 2,n - 1. (47) 

7A^ = 5,r?«, 7^S = r/('^", TV'a = 0, 77r° = 0, 7^1 = 0, 77r,^- = 0, (49) 
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^Bl' = 2d,rfi, 7Si^' = 2r?W^^ ^Hf = -C\'^\ lHS = d'C^, (50) 

jr^W- = ^rf = ^d^^" = 7r/(i)*^- = 0, (51) 

^rfi = -iduTft, 7Cf = 25^C^-, (52) 

^rf^--^ = (A; + 1) a,r/r-*N k = (53) 

7^^...., = -(fc + l)9*Q,....,, k = 2;W^, (54) 

7r?^-'"-=0, 7C,'^.,_^=0, (55) 

-fVa, =0, fc = 0,n-2. (56) 



The last formulas will be employed in the next section at the deformation of the free theory. 

4 Deformation of the BRST charge 

In this section we solve the equations (jU)-®, etc., that govern the deformation of the BRST charge 
in the case of the topological free model under study by relying on cohomological techniques. 
As a result, we find that only the first-order deformation is nontrivial, while its consistency is 
equivalent to the existence of a Poisson 'two-tensor' (in the collection indices) depending on the 
undifferentiated scalar fields, that must be antisymmetric and fulfills a certain identity. This two- 
tensor, together with its derivatives with respect to the scalar fields, parametrizes the final form of 
the BRST charge. Two main types of deformations of the BRST charge are considered: one that 
breaks the PT invariance and the other that preserves it. Although unrelated at the level of the 
first-order deformation, these two kinds of solutions become connected when passing to the higher- 
order deformations. More precisely, the part that breaks the PT invariance is initially parametrized 
by some completely antisymmetric 'tensor' of rank n, where n is the spacetime dimension, which 
involves only the undifferentiated scalar fields from the collection. However, the consistency of 
the first-order deformation requires that this antisymmetric 'tensor' is expressed precisely via the 
derivatives of the Poisson 'two-tensor' that parametrizes the PT-invariant solution. 



4.1 First-order deformation 

Initially, we solve the equation which is responsible for the first-order deformation of the BRST 
charge. It takes the local form 

sioi = dif, (57) 
for some local j*. In order to simplify the exposition, we represent tDi like 

LJl = UJl + LOl, (58) 

where uJi is the component of the first-order deformation of the BRST charge that preserves the 
PT invariance and cui is the piece that breaks the PT invariance. The concrete form of uJi has been 
obtained in [S] and is briefly exposed in the Appendix El As it has been shown in 151, wi satisfies 
individually an equation of the type l|57j). and therefore the decomposition (|5<S|) and the equation 
H57|) require that uii must separately verify a similar equation, i.e. 

sOi = dif. (59) 

In order to investigate the solutions to this equation, we develop uii according to the antighost 
number and suppose that the development stops at a finite order 

(0) (1) (J) ^ /(/) \ ^ /(/) \ ^ ^ 

a;i=u;i+a;iH hwi, agh i = I, gh wi =1, (60) 
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where the last term can be assumed to be annihilated by 7 



(J) 

7 wi= 0. (61) 

Both results can be shown by adapting the standard lagrangian arguments from |2S] to the hamilto- 
nian formulation. Thus, we need to compute the cohomology of the exterior longitudinal derivative, 
H (7) , in order to determine the piece of highest antighost number in ()6U() . 

With the help of the definitions (|49|) - (|56|) of 7 acting on the BRST generators, we remark that 
every local representative of H (7) is generated by 



[Ftj = d[,A'^^,^a,7T'i,pl7Tt^,diB''j) , (62) 



(together with their spatial derivatives up to a finite order), by the antighosts H3(J|) - H32() and their 
spatial derivatives up to a finite order, as well by the undifferentiated ghosts rj"-, r/a and 
(The ghosts C^^^"", and ryi^^*'', although 7-invariant, are also 7-exact, and hence 

trivial in H (■j). The same is true with respect to the spatial part of the spacetime derivatives of 
rj"', "^/a^ and Cj" this way, the general, local solution to the equation (jHTjl can be 

written (up to trivial, 7-exact contributions) as 



(J) 

io 1= aj 



where e"^^^ {rj'^, rj^a'^"'^ , C*," stand for the elements with pure ghost number equal to (J + 1) 

of a basis in the space of the polynomials in the corresponding ghosts, and aj are 7-closed elements 
of pure ghost number zero, with bounded antighost number, agh (a j) = J. The objects aj play 
here the role of 'invariant polynomials' 24, from the lagrangian approach. The notation /([(/]) 
signifies that / depends on q and its spatial derivatives up to a finite order. 
The equation projected on antighost number (J — 1) becomes 

(J) (^-1) ^ (J? , , 

uj \ +7 w 1= Oi m . (64) 

(J-i) 

Introducing (|63)) in (jHU, it follows that a necessary condition for the existence of (nontrivial) cu 1 
is that the 'invariant polynomials' aj from (|63(1 are (nontrivial) elements of Hj (^5\dtj , where the 
last notation means the cohomological space of the Koszul-Tate differential modulo the spatial part 
of the exterior spacetime derivative in pure ghost number zero and in strictly positive antighost 
number J 

6aj = d'rii, agh (n^) = J - 1, pgh (n^) = 0. (65) 



Translating the lagrangian results from |24j regarding the triviality of the characteristic cohomology 
for linear gauge theories at the hamiltonian level, since our model is {n — 2)-order reducible and 
the constraint functions are linear in the reduced phase-space variables, we can state that 

Hk (5\d) =0 for all K >n- 1. (66) 



The natural question raises, namely, if the result (|66|) is still valid in the space of 'invariant poly- 
nomials' ('^l^); where an element of is defined like in (|65() . but with both aj and 
Hi 'invariant polynomials'. By analyzing what happens in most gauge theories at the lagrangian 
level, it is quite reasonable to assume the validity of ()66() in the space of 'invariant polynomials' 

H'^^ (5|(J) =0 for ah K>n- 1. (67) 
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Moreover, (|H7|) is a consequence of the more general result that if ax is an 'invariant polynomial' 
with agh (ax) = K > n — 1, which is trivial in Hk (^S\dj , clr = + d'^rrii, with agh (bx) = K + 1 

and agh (mj) = K, then it can be taken to be trivial also in both and rrii can 

be taken to be 'invariant polynomials'. 

The previous results on H \5\d\ and i?™^ ('^1'^) in strictly positive antighost numbers are impor- 



tant because they control the obstructions to removing the antighosts from the first-order deforma- 
tion of the BRST charge. More precisely, one can successively eliminate all the pieces of antighost 
number strictly greater than (n — 1) from a)i by adding only trivial terms, so one can take, without 
loss of nontrivial objects, the condition J < n — 1 in the decomposition H60|). Moreover, the last rep- 
resentative can always be taken to belong to H (■y), with the corresponding 'invariant polynomial' 
a nontrivial object from Hy^ (^^\dj for J > 1 and respectively from Hi (^S\dj if J = 1. 
Consequently, we can assume that J = n — 1 in (|Hn|) 

L0l=L0l+UJi-\ h LO 1, (68) 

(n-1) . . _s 

with LO 1 given by ()63() for J = n—1 and a„_i a nontrivial element from W^Zi After some 



computation, we find that the most general representative of both Hn~i (y5\d}j and H^Zi (y5\d^ can 
be expressed like 

X-fai -'£12 ■ ■ ■ -fcip-i -Tap , V^^J 

where U is an arbitrary function involving only the undifferentiated scalar fields fa, and jp means 

jp = n-l- (ji + J2 + • • ■+jp-i) ■ (70) 

Taking into account the definitions (|44j) - (|48|) of the Koszul-Tate differential, one can prove the 
recursive relations 

64'^-'' = (-)^ a[*ia^':-f k = l,n-l, (71) 



where for = 2, n — 2 we have 



<3 



while for k = 1 and respectively = we obtain 



''1 ~ a — 



P'a, ao = U. (73) 



In (f72|) we used the notation jq = k — (ji + j2 + • ■ ■ + ig-i)- Now, we can completely determine the 
last component in (|68|) . The elements of pure ghost number equal to n, e" r/a ) 
are given by 

: , r^'^r?^^--"- , l^-^r,''^ • • • r?'^") (74) 
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for all n > 4^ . It means that the piece of highest antighost number in the first-order deformation 
is fully determined once we 'glue' H69() to H74|) like in (|63() . The last component of e" needs the 
adjustment of a completely antisymmetric constant in order to match (|69)) . which can only 

be, by 'covariance' arguments, proportional to the spatial part of the completely antisymmetric 
symbol in n dimensions, eoii...i„_i- Even if we 'force' the introduction of additional antisymmetric 
symbols in the components of lji involving the first two elements in H74|) . we finally obtain that 
such terms are always proportional with some objects that contain no antisymmetric symbols, like 

in ()132|) . In conclusion, there is no possibility to construct pieces from uj i that involve either 

(n-l) 

of the first two elements in (|74|1 . Such terms can only bring contributions to the element w i of 
highest antighost number in the first-order deformation of the BRST charge that preserves the PT 
invariance, uJi. 

As we have stated in the beginning of this section, here we focus only on the interactions that 
break the PT invariance and which, by virtue of the above discussion, can be generated just by the 
third element in (|74|1. such that we can write 

(n-1) (_)[f] . . 

1= ^^eo.,...„_,iv:i:ir^^"^ • • • r?"^", (75) 

where [^] denotes the integer part of |. The element Na\',','^a~^ in (|7^ results from a'^^{"^"~^ in 
H69|) where we replace the function U depending only on the undifferentiated scalar fields with a 
completely antisymmetric 'tensor' of rank n, Nai...a„, also involving just the (paS 

r)N ■ ■ ■ RPN 

jyil...in-i _ '^^'^Ql-.-an pni2---in-l _|_ ^ J-^ai...a„ ^ 

p«Jl+l---«jl+J2 . . _ p'il + '"+-Jp-2+l---*Jl + -"+Jp-l p*Jl+ "+Jp-l+l---*"-ll /r7gX 
bi 62 ''p-1 bp ■ \ J 

The supplementary numerical factor from ()75() has been added for further convenience. 

Introducing the relation (|75|) into the equation (|64|1 for J = n — 1 and using the definitions 
H44() - H56() . we infer that the piece with the antighost number equal to {n — 2) from the first-order 
deformation of the BRST charge that breaks the PT invariance reads as 

^ 1— ' fcOJi...i„_i_p...?„_iJ>'ai...a„ / rj r] . [(I) 

If we take into account the decomposition (|43|) of the free BRST differential and insert the expansion 

{n-3) 

(|HH|) into the equation , it follows that the component a; 1 is solution to the equation with 
J — > n — 2. Substituting the solution ((77|) into this equation and using the definitions (|111) - H56|) . 
after some computation we find that 



(^1-3) f — )[t]+2 ^ ,,,1 I -, , , , 

^ ,-' _ V f { \Pl , Arl'l---'"-l-(Pl+P2) V [Jo\ 

^ ~ in - 2)\ ^ ^o*i-*n-i-(Pi+P2)-*"-i "1-"'" ^'^> 

P1>P2>1 

^■pC'l*n-(pi+P2)---*n-l-P2 •p'^2«n-p2 ■••*n-l] j^aa . . . 



^For n — A there is an extra possibility because rfa ^ — > rfj'^ , with pgh{rfj^^ — 2, and so we have a 

supplementary element of the basis in the ghosts at pure ghost number n = 4, namely, ifj^r]]^-' ^ . However, this 
element can be discarded JOli so finally ()74^ still covers all the investigated situations. 
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In a similar manner we solve the equations that govern the terms of antighost number (n — m) 
from LJi with m = 4, n — 2, which are expressed by H64|) with J — > n — m + 1, and get that 

(n-m) _ (_)[f]+m-l 

^ ^ Pl>P2>->Pm-l>l 

X'P"^*"~(P2H HPm-l) ■"^"-I-CpS-I HPm-l) . . . ■p'^m-lin-p^_i ■ ■ -in-l] . . . fj'^" ^ (79) 

where we made the notations M = ([y] — l) and E = pi + + ■ ■ ■ + P2M+1- In the equations 
H77 p - H79(l we denoted by 7"^* the spatial part of the collection of one-forms A""^ 

in order to write the pieces that compose the first-order deformation of the BRST charge cui in a 
brief, compact manner. We proceed in the same way with the equation (|(i4j) for J — > 2 and J — > 1, 
and determine the elements of antighost number one and respectively zero from Oi in the form 

(1) 



where we reverted to the one-form notation. 

In consequence, so far we have computed the first-order deformation of the BRST charge that 
breaks the PT invariance like 

u)i = u 1, (83) 

k=0 

such that the full first-order deformation of the BRST charge is 

^1 = j rf""^x(wi +LJi), (84) 

(fc) 

with uji given in the Appendix EI We emphasize that the solutions oj i obtained in the above also 

include, for all A; < n — 1, the solutions corresponding to the associated 'homogeneous' equations 

(k) 

7 a;'i= 0. In order to simplify the exposition we avoided the discussion regarding the selection 
procedure of these solutions such as to comply with obtaining some consistent components of the 
first-order deformation of the BRST charge at each value of the antighost number. It is however 
interesting to note that this procedure allows no new functions of the scalar fields beside ^ai...an 
to parametrize the solution cui. 

4.2 Higher-order deformations 

Our next concern is to analyze the existence of higher-order deformations of the BRST charge. In 
view of this, we make the notations {I2 = J d^^^xb and = J d^~^xA, and observe that 

the equation which governs the second-order deformation of the BRST charge, takes the local 
form 

A = -2sb + dim\ (85) 
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We mention that at this stage the entire BRST charge (|84j) must be taken into account, and not 
only the PT-breaking component In view of the results from the previous subsection, combined 
with those from the Appendix El direct computation finally leads to 



abc 



n-1 ptk. 



where 



tabc = WecM^b + Wea^ + ^eb^ , (87) 

tibc = W^e[a^ + M4,M,^,], (88) 
tai...a„+i = g^^""" ^a„+i]b + ^[aia2^a3...a„+i]&- (§9) 

All the objects K""^", Kf", Kf^l^ ^fXa^.-au^ k''^-<^- , and KH-^^ are polynomials that involve 
only undifferentiated ghosts, antighosts, and fields and ^f, none of them being BRST-exact. 
On the other hand, the equation (|85)) requires that A is s-exact modulo d, and, in fact, since A 
contains no derivatives, it demands that A must be s-exact. Since neither of the terms in (|86|) is 
so, it results that the consistency of the first-order deformation of the BRST charge asks that A 
must vanish. This takes place if and only if the equations 

tabc = 0, 4, = 0, (90) 
W...a^^, = (91) 

are simultaneously satisfied. As it has been shown in [H], the general solution to the equations (|Iin|) 
is of the form 

= f^, (92) 

where Wab is an antisymmetric 'two-tensor' in the undifferentiated scalar fields, subject to the 
identities 

Due to the fact that the antisymmetric functions Wab depend only on the undifferentiated scalar 
fields from the collection and verify the identities (|93() . they can be interpreted as the components 
of the Poisson two-tensor of a Poisson manifold with the target space locally parametrized by the 
scalar fields. Under these circumstances, the general solution of H91|) can be represented like 

A/" — f.r ('q4^ 

-''ai...a„ Jb{a\...an-2 difb ' y ' 

where fai...a„ are some completely antisymmetric constants. Consequently, we can take the second- 
order deformation of the BRST charge to vanish, CI2 = 0, and, in fact, all the higher-order defor- 
mation equations are satisfied with the choice 

Ofc = for all k>2. (95) 
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In conclusion, the deformed BRST charge, consistent to ah orders in the couphng constant, simply 
reduces to the sum between the free BRST charge and the first-order deformation 

(p-^x ^ [ Ji + ujA = + g {9.1 + Oi) , (96) 
fc=o V / 

{k) Ik) _^ ___ _ 

where wi and uj{ are listed in and respectively in (fT^ . (fn^ - ((T^ . with 

the observation that M^^ and Naj^^^^a^ must be replaced with (|92|l and (jUJ, while Wab are assumed 
to verify the identities l\9'S\i . 



5 Deformation of the BRST- invariant Hamiltonian 



We now turn our attention to the BRST- invariant Hamiltonian H4U() . whose deformation is stipu- 
lated by the equations (|!?|)- (fTn|) . etc. We will prove that the deformed BRST-invariant Hamiltonian, 
just like the BRST charge, stops at order one in the coupling constant and, moreover, is trivial 
(BRST-exact) with respect to the fully deformed BRST symmetry, which confirms the preservation 
of the topological behavior also at the level of the interacting theory. 

Initially, we approach the equation 0, associated with its first-order deformation. Inserting 
H41|) in @ and using (jlj) and the Jacobi identity with respect to the Dirac bracket, we find that 
© is in fact equivalent to the equation 



0, which shows that H 



is nothing but a BRST observable of the free theory. As it has been argued in Section |3j all the 
BRST observables are in this case trivial (BRST-exact), or, in other words, they belong to the 
same equivalence class as the trivial observable zero. In consequence, we can take 



Hi 



(97) 



where the function Kq is displayed in (|42jl . Next, we split Hi like the first-order deformation of the 
BRST charge, as the sum between the PT-invariant component Hi and the PT-breaking part Hi 



H^ 



Hi + Hi. 



(98) 



Recalling the similar decomposition of the first-order deformation of the BRST charge, we conse- 
quently get that 

Hi + Hi = [Ko,ni] + [Ko,ni]. (99) 

It has been shown in "H" that 

Hi = [Ko,ni], (100) 
where the non-integrated density of Hi has the expression 

hi = -WabH^A^'^-^M'^.A-^AiBr 



+ ■ 



dipc 
dM: 



dip, 



ah p 



k=2 



(101) 
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and the notation jdrf for the left derivative with respect to rf was employed. In pOlj) and 
further, M^^ takes the form ()92|). By means of the relations (|99|1 - H1UU|1 . one finds that Hi checks 
the equation 

^1 = [i^o,f^i] ■ (102) 



On behalf of Sli given in pfl2|l . we determine that the non-integrated density of ll\ reads as 



dipb 



n-1 



.0^ UJl 



k=2 



(103) 



where in (|l()3j) and in what follows Na-i^^__a„ takes the form (|94j) . 

In the next step we investigate the second-order deformation of the BRST-invariant Hamilto- 
nian, subject to the equation (|1()|) . We observe that the third term in the right-hand side of the 
equation ()10() vanishes since 0,2 = 0. Making use of 1)9 7|) and employing once more the Jacobi 
identity with respect to the Dirac bracket, it is easy to see that the second term in the right-hand 
side of H1U|1 can be written like 



Hi, ill 



and it vanishes according to the fact (established in the previous section) that 
we can set 

H2 = 0, 



ill 1 ill 



(104) 

0. Then, 
(105) 



which leads to the fact that the remaining higher-order equations are satisfied for 

^fc = 0, k>2. (106) 
As a consequence, we can write the fully deformed BRST-invariant Hamiltonian like 

Hb = HoB+g {Hi + ^1) = Hob + gHi, (107) 
but also, taking into account (|1T|) . and 



Ko,il 



(108) 



The last formula confirms the topological behavior of the interacting model. It stresses that Hb 
is not only invariant with respect to the deformed hamiltonian BRST symmetry, but also exact. 
This ends the deformation procedure of the BRST-invariant Hamiltonian for the free theory under 
study. 



6 Description of the interacting model 

With the deformed BRST charge and BRST-invariant Hamiltonian at hand, in the sequel we will 
be able to identify the main ingredients of the hamiltonian formulation for the resulting interacting 
model and, on these grounds, also the associated coupled lagrangian action and its gauge trans- 
formations. We recall that the deformed BRST charge is given in (|96j) . with the corresponding 
components hsted in and respectively in ((T^ . (|n^ - ((T^ . while the 

deformed BRST-invariant Hamiltonian reads as in (finTll . with the non-integrated densities of Hi 
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and Hi given in and (|l(K-ij) . The functions M^^, and Na^^^^a^ must be replaced with and 

(PU, while Wab are assumed to verify the identities 

It is well known that from the BRST charge and the BRST-invariant Hamiltonian one can 
withdraw the entire hamiltonian formulation of a gauge theory. Thus, from the terms of antighost 
number zero from (|96|) we see that only the secondary first-class constraints of the interacting model 
are deformed like 



^ ' n 



^n-l 



0, 



^(2)a 
la 



E -F,-^ « 0, 

D'ipa « 0, 



(109) 

(110) 
(111) 



while the primary ones are not affected by the deformation procedure, being given by H13|) - H15() . 
In the above we used the notations 



(A 



Oipb 

p, Aa j_ „ 9Wbc .b AC 
d'iPa+gWabA^. 



(112) 

(113) 
(114) 



The pieces of antighost number one in 1)96(1 reveal that only the Dirac brackets between the sec- 
ondary first-class constraints are modified as 



-a 



dWab^ 



ab 



+S'eon...j„-i 

~^abci...c„^ 



fdNabci. 



V dipd 



(115) 
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dWac ^(2)c 

, dtpb 



difbdip, 



{2)i 



-g- 



dipc 



(116) 



(117) 



If we compare the expressions ()109p - ()117p with the similar results from 8 , we observe that here 
appear some supplementary contributions, due to the presence of the terms from the deformed 
BRST charge that break the PT invariance. Actually, from (|96|) one can read the entire tensor 
gauge structure of the first-class constraints by analyzing the various polynomials in ghosts and 
antighosts. For instance, the relations ()115() - (|117|) signify that the gauge algebra of the first-class 
constraints is open (only closes on the first-class constraint surface) and, meanwhile, offer us the 
concrete form of the first-order structure functions. Still, higher-order structure functions appear by 
taking repeatedly the Dirac brackets among more than two deformed first-class constraint functions 
and can be read from the corresponding polynomials of higher antighost number in ()96|) . Apart 
from exhibiting an intricate gauge algebra, the deformed first-class constraints remain reducible 
of order (D — 2), like those corresponding to the free model. The structure of the reducibility 
functions and relations is completely revealed by some of the terms of antighost number greater or 
equal to one from ()96|) . These pieces are not modified by the presence of the terms that break the 
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PT invariance, being the same like in jSj- However, for the sake of completeness, they are discussed 
in the Appendix IbI 

Let us analyze now the deformed BRST- invariant Hamiltonian (|107|) . Its component of antighost 
number zero, 

Ho = J d^-'x {-Hfi^)^ + hy^G^'' + ^gGi^)) , (118) 

is nothing but the first-class Hamiltonian of the coupled model. From the terms of antighost 
number zero we determine the deformed Dirac brackets between the new first-class constraints and 
the first-class Hamiltonian of the interacting theory under the form 



(119) 



9 



ah 



dipc 
+9 



Ql_Tg IC 2"*-' 



AH 



«3 



difc 



n— 1 ^n — 1 J 



Hq, G 



(l)a 



G, 



(2)a 



HT,ra 



la 1 



Hq, g 



(2)a 



9 I ^A'.G^'^" 



cd 



Ho,l'a 



dip a "° dipadifb 



(2) 



(2)i 



g- 



(120) 

(121) 
(122) 

(123) 
(124) 



It is simple to see that the relations pi8|) - p24|) also contain nontrivial contributions due to the 
terms from the deformed BRST-invariant Hamiltonian that break the PT invariance. The other 
terms in p()7j) reveal a new set of hamiltonian structure functions, that follow by taking repeatedly 
the Dirac brackets involving the interacting first-class Hamiltonian and more than two deformed 
first-class constraint functions. This sort of structure functions, as well as the equations satisfied 
by them, can be written down directly from ()1U7() by identifying the suitable polynomials in ghosts 
and antighosts. 

If we pass to the lagrangian formulation of the interacting theory (via the extended and total 
actions, together with the accompanying gauge symmetries), then we obtain that the interacting 
model is described by the lagrangian action 



S 



Ai,m,^,,Br 



n 



5£/ii.../tn-^ai.--an^ 



A 



invariant under the gauge transformations 



(125) 

(126) 
(127) 
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g6,,^....^„-x ^^'g;^'"" g'-^'^^^ • • • ^^"-^^"-^ , (128) 

+5 (n - 1) 5^^i<7'^^^6^,...^„iV„bci...c„_,e'A^^'^^ • • • A'-^^^- . (129) 



5,5^ = (I?p),^r + 5W^a6e'^"-5^e'sr 



At this stage it is clear that the deformation of the lagrangian gauge transformations is a con- 
sequence of the deformation of the first-class constraints like in H109() - (|llip . The above gauge 
transformations are on-shell (n — 2)-order reducible, i.e., the reducibility relations only hold on the 
stationary surface of the field equations for the coupled action (|125() , while the accompanying gauge 
algebra is open (the commutators among the deformed gauge transformations only close on-shell). 
It is interesting to notice that the lagrangian formulation of the interacting BF theory contains 
contributions that break the PT invariance. 



7 Conclusion 

In conclusion in this paper we have investigated the PT-symmetry breaking, consistent hamiltonian 
interactions in all n > 4 spacetime dimensions that can be added to an abelian BF model involving 
a set of scalar fields, two sorts of one-forms, and a system of two-forms by means of the hamiltonian 
deformation procedure based on local BRST cohomology. The results related to the deformation of 
the BRST charge can be synthesized by the fact that only the first-order deformation is nontrivial, 
while its consistency relies on the existence of a Poisson two-tensor on a target space parametrized 
by the scalar fields. The deformation of the BRST- invariant Hamiltonian stops also at order 
one in the coupling constant and proves to be exact with respect to the deformed BRST charge, 
which confirms the topological character of the resulting interacting model. Both deformed BRST 
ingredients contain terms that are not PT invariant. The associated coupled theory is an interacting, 
topological BF model exhibiting an open gauge algebra (the Dirac brackets among the deformed 
first-class constraint functions only close on the first-class surface) and on-shell reducibility (the 
reducibility relations take place on the first-class surface). 
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A Deformed BRST charge with PT invariance 

In this Appendix we briefly recall the structure of the component from the deformed BRST charge 
((SHI) that preserves the PT invariance, namely, uJi. Various details on the expression of uji and on 
the interpretation of its various terms can be found in 8_. As it has been mentioned in Section 
uji is subject to the equation 

swi = dij\ (130) 
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for some local f . Taking into account the general cohomological properties of the free BF model 
described by and discussed in the subsection 14.11 we can state that the most general decom- 
position of uJi along the antighost number can be taken to stop in antighost number (n — 1) 

"■"^ (fc) 

Ull = Y^ LOi . (131) 
k=l 

(n-1) 

Furthermore, the last component, uj i, belongs to the space of pure ghost number equal to n 

(n-l) 

from the cohomology of the exterior longitudinal derivative, 7 a; 1= 0, and thus it is of the form 
H63|). with the corresponding 'invariant polynomial' from H}^Zi (y^\d^, and hence of the type (|69() . 

(n-l) 

Requiring in addition that uj 1 preserves the FT invariance, it follows that we can write 

^^^'\= -W^-'^^'rtCl„,^_^ - ^ {M^,r-'-^ tvScn...^.,, (132) 

where 

ij^+i...ij^+j2 p*Ji + -"+'Jp-2+l---*Ji + '"+-Jp-i p*Ji+ "+-jp-i + i---'n-i] /iqo\ 



and 



ij^+i...ij^+j2 p*ii + '--+Jp-2+i---*Ji + '--+ip-i pVi + '--+ip-i + i---*"-i] (-,oa\ 
^J^ai -'02 ■ ■ ■ ap_i -f^ap A^'^^J 

with and M^^^ = — M^^ depending only on the undifferentiated scalar fields. The term of 



(n-l) (n-2) (n-2f 

antighost number (n — 2) from loi is subject to the equation 5 oj i +7 a; 1= (9j m and is 
consequently given by 

= -^^:r-^"-'^'^^i...„_2+^(^aft)^^---^"-^^Vrycn....„-2 



fc=3 



- (-)" E (-) ^n-l (K.)^"-^"''= P"^"-'=+-^"-^^Scn..i„-. , (135) 
fc=3 

where denotes the number of combinations of k objects drawn from n, while the elements 
W^l"'^"~^ and (M^^y^'"^"'^ result from (|133|) - H134() where we make the replacement n — > n — 1. 

(n-2) (n-3) (n-3)* 

The component of antighost number (n — 3) is solution to the equation uj 1+7 oj 1= di m 
and reads as 

^1 "^"^afe '/ "-^Jl«2---«n-3 
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ah ^ '~'iii2...in-2 

n 
fc=4 

_L('_'|"r'l fA/f^ \hi2--in-z Aai„-2 b . . 

+ V ) V^^ab) ^ V Vciii2...in-2 

n 
k=A 

p=2 q=p+l 

IL.L\...Ln — p — q — \J\...Jqi\...lp 



\n V 2 \ 



^ k=2 



E (-) c'l-iCLk-i {M^abT-^--'-' 



X 



yy-paji...jkT>bli...lk . . .... 

+ (-)" C2_i (Af^,)^--^"- A— ^''^--rye.......^,, (136) 

where w^'''"'"''' and (M^^)*i*2-in-3 ^^^g obtained from ((T3S1)-(II31I) via the shift n-^n-2. Along 
the same hne, we deduce that the pieces of antighost number (n — m), for m = 4, n — 2, are given 
by 



riij2---«n-m Aa^„.-m+^ r^b 



ab I iii2---in-m 



^n—m+l^^ab ^ixi2...in-m+l 



E,_\k+m Qk-m+ly^iii2--in-k-pai„_k+i:.i„-m+l(jb 
V / n — ?n-j-l Qjb i'_ 



b 

ili2...in-m+l 

k=m+l 



~\) y^^-^ab) ^ V Vciit2...in-m+i 

n 

E( \k+n y^k-m+1 ( \ii...i„-k T>ai„_k+i-..in-rn+i„b . 
\~) ^n-m+l V^^ab) ' V Vciii2...in-m+l 



k=m+l 



/ \m+n /^Z ( Ti/fC \tl...ln-m Aatn~,n+1 /\bln-m + 2„ 

\) K^^-^ab) ^ ^ Vcii-i2...in-m+2 



[ n~m + 2 
2 



1 L / J 

_|_ ( \k+n+m ^k ^fc f jirC \ll...ln-2k-m+2 

"T Q \~) ^n-m+2^n-m~k+2 V^^ab) 



^ k=2 



■y.'paii---jkT)bh---lkj. . . .... 

^' ' 'lCtl-..t-n-2k-m+231--]kh---lk 

\ n — m + 1 



n — m— p+2 

p=2 q=p+l 
^'paji...jqj)bh...lp . . . . 

^' ' 'lCll...ln-m-p-q + 2jl---3qh---lp 

n 

E( \k+n f~,k-m+l(~<l ( ]\/fC \ii---in~k ^ 

\~) ^n-m+l'^n-m+2 V'^^ab) ^ 

k=m+l 

^J,a^„^,+,...i^.^+,^bi^.^+2^^^^^^^.^_^^^^ (137) 
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where the elements 1^^1*2 and (M^^)*!-*"-™ are deduced from (Tn^ - lfTT^ where we set 
n — > n — m + 1. Finally, the components of antighost number one and zero from the first-order 
deformation ivi respectively take the form 



(1) dWab 



dip, 



BM'^ /I \ 
-M,-, (r^^rj^i^ + + lrJ'^^''r^ , (138) 



(0) 



1= Wab {^H^o - A'^'C!) + Kfc {Atv'B',' - AtA)rf^) . (139) 

In conclusion, the first-order deformation of the BRST charge for the model under study that 
preserves the PT invariance is the sum among the components (|132)1 and (|135j) - (|139j) . 



B Reducibility of the deformed interacting model 

Here, we investigate the reducibility of the first-class constraints corresponding to the interacting 
model discussed in Section El In view of this, we analyze some of the terms contained in the 
deformed BRST charge given in (|96() . with the corresponding components listed in ()75() . H77l) - H79() . 
(|<SH1 -(|82 |) and respectively in (|132|) . (|135j) ~ (|139|) . From the elements in (|9f)|) with antighost number 
one that are linear in the ghosts one reads the first-order reducibility relations 

feUf^Sf + (Z«,gj7p = 0, (140) 

(zr^^'cSf + (zr)^7p = 0, (141) 

and also the associated first-order reducibility functions 



{ZU.Jb = o ^[n (142) 



(zr)^' = -'^-gWab{g'''f'' -g'^^g'^'), (144) 

[zi^'-)\ = -[D^^^)ji^\ (145) 

where 

{D,)\ = Std.-g^At. (146) 

The part from H96() that is linear in the ghosts with the pure ghost number equal to A: -1- 1 > 3 
contains polynomials of antighost number k > 2, which are at least quadratic in the antighosts, so 
the reducibility relations of order k > 2 only close on the first-class constraint surface (on-shell). 
For instance, in pure ghost number three (A; -|- 1 = 3) the second-order reducibility relations take 
place on-shell 

( ya \jlj2j3 f yb Y-' fc I ( va. \b ( vJlJ^V-' fc 

- J^^bcM2)brc d^Wcd , (2) ,e fd \ (.,^. 
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where /* and are some arbitrary, smooth functions (the latter ones are antisymmetric in their 
spatial indices). The reducibility functions involved in 1)147^ and H148() take the form 

{Zr%^ = \{D^')'st^, (151) 

[zi^^^'^^y''''' = ^ (-)-5'i^-.(i)5^2..(2)<^^3..(3). (152) 

In (|152() 5*3 is the set of permutations of the elements {1,2,3} and (— )'^ denotes the parity of the 
permutation a from S3. 

Reprising a similar analysis with respect to the terms from 1)96(1 linear in the ghosts with the 
pure ghost number equal to (p + 1), p = 3, n — 3, we deduce some reducibility relations of order p 
that also close on-shell, namely, 



{zU^^fr- {Zl_,^t '^ ^ . 0, ,153) 



with the reducibility functions 

^ -r^Wab E (-)'^5*^^'^(^'9*^^'-'^>---5*^+^^'^(''+^>. (158) 

In (|158|) S'p+i is the set of permutations of the elements {1, . . . ,p + 1}, while {—^ stands for 
the parity of the permutation a belonging to 5p+i. The reducibility relations of maximum order, 
(77.-2), follow from the elements in ()96j) that are linear in the ghosts with the pure ghost number 
equal to (n — 1) 



V ° /ji...j„_2 ^ ^ /fcl...fe„_3 

f fki 



yl\...ln-\ 



-9 
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V " Jjl-jn-2 V ^ Jc ^fei...fe„_ 



= (160) 

with and _. some arbitrary, smooth functions, completely antisymmetric in their 

spatial indices. The reducibility functions of order (n — 2) are consequently given by 

b (-r / X 6 



/ji...j„_2 [n — 2)1 V /a •'^ 

The notations and (— )'^ have the same meanings like before. 
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